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 No matter on what side of the theoretical physics pond you find yourself in, the success of quantum 

mechanics is undeniable. Probably its most baffling feature is how well it suited us in our experimental 

and theoretical endeavors although, fundamentally, we still don’t know what it truly is. We explored for a 

very long time just what it has to say about our world, but not how, she itself, is embedded in nature. 

Most of this has changed since David Deutsch’s seminal 1985 paper "Quantum theory, the Church-Turing 
principle and the universal quantum computer". Since then it has become imperative to prod, needles and 

all, quantum mechanics to its deepest core and many fantastic facts popped out and are still popping out 

from this 3-way marriage between theoretical physics-mathematics-computer science. In this paper we 

shall explore some of the main features that drive every popular journalist (and Einstein) to declare the 

weirdness of quantum mechanics as well as some new proposed foundations for them pioneered by 

Samson Abramsky and his collaborators. The main proposal is to model a quantum logic through the lens 

of the basic quantum principles, more specifically, contextuality, non-locality and entanglement, so as to 

recover not only a descriptive formulation of them, but also a functional one that can further inquire intro 

its “weirdness” and discover new facts about the laws of nature and computation. 

 

 

1.1. Classical world and its troubles (a philosophical logic perspective) 

 
  

 In addition to the syntactic aspect, dealing with the logico-mathematical operations and relations 

among the propositions pertaining to a system, the logic of a physical theory incorporates the task of 

providing a semantics, focusing particularly on the task of establishing a criterion of truth or, in a more 

complete sense, defining propositional truth. In relation to the latter, the correspondence theory of truth 

has frequently been regarded within physical science as the most eminent. Although the correspondence 

theory admits various different formulations, the core of any correspondence theory is the idea that a 

proposition is true if and only if it corresponds to or matches reality. The classical version of the theory 

describes this relationship as a correspondence to the matters of fact. This amounts to endorsing 

(irrespective here to how one is inclined to define or constrain the notion of a fact, as we shall see, this 

does not lead to a loss of generality): 

 

 “The proposition that P, is true if and only if P corresponds to a fact.” 

 

 The useful feature of this state of affairs business, more so in the philosophical debates, is that 

“they refer to something that can be said to obtain or fail to obtain, to be a fact or fail to be a fact, that is, 

they exist even when they are not concretely manifested or realized”. It is worthy to note in this 

connection that the traditional theory of truth as correspondence, regardless of its exact formulation, has 

frequently been associated with the view that truth is radically non-epistemic [1]. This means that the 

truth (or falsity) of a proposition is entirely independent of anyone’s cognitive capacities, beliefs, theories, 

conceptual schemes, and so on. According to this non-epistemic conception, the truth-makers of 



propositions — namely, facts or actual states of affairs, forming the target space of the truthmaking 

relation — are totally independent of human conceptualization and thus can be conceived of as being 

completely autonomous in themselves, or as residing in the world purely extensionally, that is, in a 

manner independent of our worldviews and particular discursive practices and contexts. In this sense, the 

view of a radically non-epistemic conception of truth incorporates the following transcendence condition:  

 

 “The truth of a proposition transcends our possible knowledge of it, or its evidential basis; it is 

empirically unconstrained. “ 

 

 As a consequence of the preceding condition, even if it is impossible to produce a framework on 

which we may ascertain the truth value of a proposition this does not imply that the proposition does not 

possess any such value. It always has one. It is either determinately true or determinately false, 

independently of any empirical evidence or cognitive means by which we may establish which is which. 

The possession of truth values is therefore entirely independent of our means of warranting their 

assignment.  

 

 The transcendence condition, no doubt, attempts to capture the realist intuition that a proposition 

cannot be claimed true or false in virtue of its knowability or justifiability. For, a proposition may be true 

without being justified, and vice versa. But what this “transcendence thesis” really presupposes is the 

existence of a “platonic” universe of true propositions and entities, entirely independent of our ability in 

having access to it, and, henceforth, elements of this ideal world, in this case, propositions, possess 

determinate truth values entirely independent of our capability in forming justified convictions about 

them. In other words, it is important to realize that this thesis does not simply aim to establish an 

objective basis or attribute a non-epistemic character to the notion of truth — that, for instance, the 

content of declarative propositions is rendered true (or false) on the basis of worldly conditions and not on 

some relevant beliefs of ours — but this particular conception tends to be so radically non-epistemic that 

in the end leads to a notion of truth with absolutely no epistemic features.  

 

 It is particularly interesting that the semantics underlying the propositional structure of classical 

mechanics allows truth-value assignment in conformity with the usual traditional conception of a 

correspondence account of truth. In classical physics, the algebra of propositions of a classical system is 

isomorphic to the lattice of subsets of phase space, which is mathematically organized as a Boolean lattice 

L_B, that can be interpreted semantically by a two-valued truth-function. This means that to every 

proposition P ∈ L_B one of the two possible truth values 1 (true) and 0 (false) can be assigned; 

accordingly, any proposition is either true or false (law of excluded middle). Specifically, each point in 

phase space, representing a classical state of a given system S, defines a truth-value assignment to the 

subsets representing the propositions. Each subset to which the point belongs represents a true property 

that is instantiated by the system. Taking complements, each subset to which the point does not belong 

represents a false property that is not instantiated by the system. Thus, every possible property of S is 

binary selected as either occurring or not; equivalently, every corresponding proposition pertaining to S is 

either true or false. Henceforth, “all propositions of a classical system are semantically decidable”. 

 

From a physical point of view, this is immediately linked to the fact that classical physics views objects-

systems as bearers of determinate properties. That is, properties of classical systems are considered as 

being fundamentally intrinsic to the system; they are independent of whether any measurement is 

attempted on them and their definite values are independent of one another with respect to measurements. 

All properties pertaining to a classical system are simultaneously determinate and potentially available to 

the system, independently of any perceptual evidence or cognitive means by which we may verify or 

falsify them. And so to state again : “propositions of a classical system are considered as possessing 

determinate truth values— they are either determinately true or determinately false —prior to and 

independent of any actual investigation of the states of affairs the propositions denote; that is, classical 



mechanical propositions possess investigation-independent truth values, thus capturing the radically non-

epistemic character of a traditional correspondence account of truth”. Archimedes does not have to come 

down from his ivory tower for classical systems anytime soon. 

 
 There are those that can take offense in our (perhaps) oversimplification of the realist view and 

that we might have come across as ignoring some inherent trouble with the standard interpretation as 

pertaining to a quantum logic that is different from classical bivalent logic. But alas we have only used 

the mathematical formulation of the standard in our discourse and have not committed to any kind of 

philosophical interpretation. Even those that deny there is such a difference, can admit that when taking 

for example the Everett many-worlds interpretation (even some benign variant of it) many of the 

differences do seem to pop up irreconcilably [2] at the most surface level. Even so, here we are not 

discussing Birkhoff-von Neumann quantum logic or Fuzzy quantum logic, but new semantics as 

emerging from taking the Kochen-Specker theorem and Hardy theorems seriously: “We cannot assign 

definite values to all possible properties of a particle in any consistent way. In other words, not only can 

we not define transition probabilities for all the particle’s properties, we can’t even handle all the 

properties simultaneously at any individual time” [3 - chapter 12] – we shall return to it later. There are 

also interesting developments in trying to embed quantum logic into classical logic which will not be 

focused here at all, but make for a very interesting read nonetheless [4] 

 

 Although to be fair, one already finds weird consequences of classical logic when directly applied 

to quantum systems even without the whole metaphysical discussion on the nature of truth and all that. 

Classical logic provides rules of inference that may or may not correctly characterize systems whose 

behavior we want to describe formally. One classical rule of inference is that if A⇒B and A⇒C then 

A⇒B&C. Sounds reasonable, doesn't it? But suppose you're standing at a vending machine that dispenses 

candy for a dollar and also dispenses coke for a dollar. You might write that as 1$⇒candy and 1$⇒coke. 

But then inferring that 1$⇒(candy&coke) is clearly wrong. The dollar gets "used up". That's called a 

resource-aware logic, with Girard’s linear logic as the paradigmatic example. Here, premises (our dollars) 

are discharged (our "used up") during proofs. So, the preceding classical rule doesn't exist. And this kind 

of "resource awareness" may be applicable to quantum mechanics, [27] since if you prepare an initial 

state and subsequently measure it, that prepared initial state gets "used up"/changed during the 

measurement (unless, of course, it's already an eigenstate of the measured observable). So classical rules 

of inference are simply inapplicable to our universe of discourse when we're discussing quantum 

phenomena. 

 

 

1.2 Escape from Classical City 
 
 Now we shall get the sense of a complete opposite situation to the Boolean propositional structure 

of classical mechanics, namely, the logical structure of a quantum system is neither Boolean nor possible 

to be embedded into a Boolean lattice.  

 

 Using the Dirac bra-ket notation and von Neumann’s Hilbert space formulation of quantum 

theory, the elementary propositions pertaining to a system form a non-Boolean lattice L_H, isomorphic to 

the lattice of closed linear subspaces or corresponding projection operators of a Hilbert space. Thus, a 

proposition pertaining to a quantum system is represented by a projection operator P on the system’s 

Hilbert space H, or equivalently, it is represented by the linear subspace H_P of H upon which the 

projection operator P projects. Since each projection operator P on H acquires two eigenvalues 1 and 0, 

where the value 1 can be read as “true” and 0 as “false”, the proposition asserting that “the value of the 



physical quantity A of system Q lies in a certain range of values ∆ ”, or equivalently, that “system Q in 

state |ψ〉acquires the property P(A)”, is said to be true if and only if the corresponding projection 

operator P_A obtains the value 1, that is, if and only if P_A |ψ〉= |ψ〉. So, the state |ψ〉of the system 

lies in the associated subspace H_A which is the range of the operator P_A, i.e. |ψ〉 ∈   H_A. In such a 

circumstance, the property P(A) pertains to the quantum system Q. Otherwise, if P_A |ψ〉= 0 and, hence, 

|ψ〉∈⊥H_A (subspace orthogonal to H_A), the property ¬P(A) pertains to Q, and the proposition is said 

to be false.  

 

 It might appear, therefore, that propositions of this kind have a well-defined truth value in a sense 

analogous to the truth-value assignment in classical mechanics. There is, however, a significant difference 

between the two situations. Unlike the case in classical mechanics, for a given quantum system, the 

propositions represented by projection operators or Hilbert space subspaces are not partitioned into two 

mutually exclusive and collectively exhaustive sets representing either true or false propositions. As 

already pointed out, only propositions represented by subspaces that contain the system’s state are 

assigned the value “true” (propositions assigned probability 1 by |ψ〉), and only propositions represented 

by spaces orthogonal to the state are assigned the value “false” (propositions assigned probability 0 by  

|ψ〉) ([5], pp. 46-47; [6], pp. 213-217). Hence, propositions represented by subspaces that are at some 

non-zero or non-orthogonal (or polar angle in a Bloch sphere description) to the unit vector |ψ〉or, more 

precisely, to the ray representing the state, are not assigned any truth value in |ψ〉. These propositions are 

neither true nor false; they are assigned by |ψ〉a probability value different from 1 and 0; thus, they are 

undecidable or indeterminate for the system in state |ψ〉and the corresponding properties are taken as 

indefinite.  

 

 This kind of semantic indeterminacy imposes an inherent ambiguity with respect to the classical 

binary value assignments what was first rigorously expressed by Kochen-Specker’s (1967) theorem. Their 

result simply shows that: “for any quantum system associated to a Hilbert space of dimension higher than 

two, there does not exist a two-valued, truth-functional assignment h:L_H→{0,1} on the set of closed 

linear subspaces, L_H, interpretable as quantum mechanical propositions, preserving the lattice operations 

and the orthocomplement”. In other words, the gist of the theorem, when interpreted semantically, asserts 

the impossibility of assigning definite truth values to all propositions pertaining to a physical system at 

any one time, for any of its quantum states, without generating a contradiction. 

 

 Although it appears we have used the classical von Neumann axiomatization of quantum 

mechanics (where it pertains to closed systems only), we chose this way of explaining the basic facts for 

its simplicity. In truth, we shall also work with an approach that includes open systems, its derivation can 

be found in [7]: 

 

 States: A state is a density operator, a nonnegative Hermitian operator in Hilbert space with unit 

trace. 

  
 Measurement: A measurement is a positive operator-valued measure (POVM), a partition of unity 

by nonnegative operators. When the measurement {E_a} is performed on the state ρ, the outcome “a” 

occurs with probability tr (E_a ρ). 

  

 Dynamics: Time evolution is described by a trace-preserving completely positive map (TPCP 

map). 

 

 A main result, that an open system may always be regarded as part of a larger closed system is 

known in the literature as the “Church of the larger Hilbert space”. 



 

1.3 Deeper into Dante’s inferno 
 

For us, the starting point is quantum theory itself. We think that in order for quantum gravity to be an 

achievable goal, we need a solid formulation for quantum mechanics itself. In a radical twist of events, it 

seems to us that the main insights that have emerged in the last decades, came from quantum computation 

and quantum information theory. In our current context, the common ground of the various proposed 

programmes for the study of quantum gravity—superstring theory, loop quantum gravity et all—is that 

almost all of them use in one way or another the quantum theory of old. It could be that we are 

committing a categorical error in taking for granted the old formulation of quantum mechanics, but if we 

are to dispense or, at least, reformulate them in such a manner that some previous practices shall seem 

superfluous or even dangerous, we can be content that this will lead to new physics and we can start 

building from there. One central ingredient on which quantum mechanics is predicated are the complex 

numbers. The common misunderstanding is that quantum mechanics (and therefore nature) is described 

by probabilities. It is easy to see why this is not the case. Probabilities are defined to be non-negative 

numbers/entities, so therefore where do complex numbers arise from? Well the answer is that quantum 

mechanics is based on different kinds of numbers called amplitudes, which can be positive, negative, (or 

more generally) complex numbers -for a great discussion of this, often-overlooked fact, (see [3] chapter 

9).  For example, this is clearly so with the use of  

 

(i) Hilbert spaces 

(ii) geometric quantization 

(iii) probability functions on a non-distributive quantum logic  

(iv) deformation quantization  

(v) path integrals and the like.  

 

 

The a priori imposition of such concepts could be radically incompatible with a quantum-gravity 

formalism in which, say, space-time is fundamentally discrete: as, for example, in the causal-set program. 

As we shall argue later, this issue is closely connected with the question of what is meant by the ‘value’ 

of a physical quantity. In so far as the concept is meaningful at all at the Planck scale, why should the 

value be a real number defined mathematically in the usual way? Another significant reason for aspiring 

to change the quantum formalism is the peristaltic problem of deciding how a ‘quantum theory of 

cosmology’ could be interpreted if one was lucky enough to find one. Most people who worry about 

foundational issues in quantum gravity would probably place the quantum-cosmology/closed system 

problem at, or near, the top of their list of reasons for re-envisioning quantum theory. However, having 

said that, in the context of quantum cosmology it is certainly true that the lack of any external ‘observer’ 

of the universe as a whole renders inappropriate the standard Copenhagen interpretation with its 

instrumentalist use of counterfactual statements about what would happen if a certain measurement is 

performed. Indeed, the Copenhagen interpretation is inapplicable for any system that is truly ‘closed’ (or 

‘self-contained’) and for which, therefore, there is no ‘external’ domain in which an observer can lurk. 

This problem has motivated much research over the years and continues to be of wide interest. The 

philosophical questions that arise are profound and look back to the birth of Western philosophy in 

ancient Greece, almost three thousand years ago. Of course, arguably, the longevity of these issues 

suggests that these questions are ill-posed in the first place, in which case the whole enterprise is a 

complete waste of time. But maybe there is more over the horizon than we might be temped to 

acknowledge at first. 

 

The emergence of Quantum mechanics at the beginning of the last century has shaken many of the 

intuitions underlying classical physics. One of its most peculiar aspects comes from the fact that quantum 



mechanical states induce, in general, only statistical restrictions on the results of measurements, instead of 

definite outcomes. One could be tempted to draw, as Einstein did, the conclusion that these states are 

therefore incomplete descriptions of quantum systems. For a while, physicists have wondered whether 

quantum mechanics could be supplemented with a more complete description involving hidden variables. 

Thus, quantum probabilities could be naturally interpreted as epistemic probabilities, of the sort that arise 

in ordinary statistical mechanics. The existence of local hidden variable theories has been refuted by two 

powerful theorems. 

 

The more famous of these is Bell’s theorem which uses correlations between entangled states to show 

that, assuming the premise of locality (i.e. the idea that spatially separated systems cannot instantaneously 

influence each other), any local hidden variable model can be used to derive an inequality which is 

violated by the predictions of quantum mechanics and these predictions have been experimentally 

confirmed. 

 

The second important no-go theorem is that of Kochen-Specker, which shows that it is not possible to 

assign values to observables under the premise of non-contextuality - which is the assumption that if a 

quantum system possesses a property (value of an observable), then it does so independently of any 

measurement context, that is, independently of which other observables are measured alongside the one 

under consideration. To put it another way, this theorem asserts that it is impossible to assign values to all 

physical quantities at once if this assignment is to satisfy the consistency condition that the value of a 

function of a physical quantity is that function of the value. For example, the value of ‘energy squared’ is 

the square of the value of energy. 

 

The more recent rise of Quantum Information Theory is now posing new challenges to our understanding 

of both computation and physics. Entanglement, non-locality and contextuality, which have proved so 

problematic to our understanding of quantum theory, have turned out, when seen from a different 

viewpoint, to offer exciting new possibilities, thus challenging the usual assumptions of classical 

computation. Quantum systems have been shown to be able to perform information-theoretic tasks 

beyond the capabilities of classical systems. Famous examples include secure key commitment, quantum 

teleportation and factoring primes in polynomial time.  

 

Mathematics is the language in which physical theories are formulated and perhaps one of the reasons 

why the universe of sets and functions and the Boolean logic associated with it have provided the 

foundation of most of the current mathematical discourse is the fact that mathematics has been itself 

shaped by our experience of reality which, until relatively recently, has only been directly perceived at the 

macroscopic level. It is possible that, if we were living in a quantum world, our primary intuitions would 

be different, and our mathematics would not necessarily be based on set theory. It is at least an interesting 

coincidence that the change in our basic perception of the natural world brought about by the 

development of quantum mechanics has taken place in the same century in which category theory, 

through the notion of topos, has succeeded in axiomatizing set-theory, thus bringing about an entirely 

new, categorical foundation of mathematics. With these considerations in mind, one finds it less 

surprising that the same concepts which have had such an impact on the foundation of mathematics have 

eventually found their way into the realm of foundations of physics. However, apart from these general 

arguments, there is of course no a priori reason why quantum mechanical concepts, for example, should 

find a formulation in topos theoretic language. The fact that an elegant formulation does exist is in itself 

rather remarkable and often comes as a result of powerful theorems. 

 

Both classical mechanics and quantum mechanics have been traditionally formulated in the topos of sets. 

Within this topos, the state space of a classical/Newtonian system is a set, which additionally has the 

structure of a symplectic manifold[8]. The points of this set are the pure states in which the system can be. 



Physical observables can be thought of as real-valued functions on the state space and, as such, they form 

a commutative algebra under pointwise multiplication. This commutative algebra and the state space of 

the system effectively determine each other. This is a consequence of a mathematical result known as 

Gelfand duality. This correspondence does not hold for quantum mechanical systems which, in the usual 

Hilbert space formalism have non-commutative algebras of observables given by the self-adjoint 

operators of the Hilbert space corresponding to the system. Non-commuting operators correspond to 

incompatible physical observables, that is, to observables whose values cannot be measured at the same 

time such as, for example, position and momentum. 

Ideas to extend Gelfand duality to non-commutative algebras were explored in [9]. The main gist is to 

consider all the commutative subalgebras of the noncommutative algebra of bounded operators on the 

Hilbert space of the system. In turn you can interpret these as classical “perspectives” on the physical 

system at it contains pairwise commutative observables. Abramsky and co. call it a “classical context”. 

Since two self-adjoint operators with discrete spectra commute only if they have a joint set of 

eigenspaces, in finite dimensions a classical context in effect corresponds to a set of pairwise orthogonal 

projections which add up to identity. 

 

Indeed, such projections generate, via the von Neumann double commutant construction, a commutative 

von Neumann algebra. We can use Gelfand duality to associate a classical state space to this algebra. The 

collection of all such classical state spaces forms a presheaf over the base category given by the set of 

commutative subalgebras, partially ordered by inclusion. The spectral presheaf is hence an object in the 

topos of presheaves over this base category. The analogy between the spectral presheaf and a classical 

state space is further justified by the fact that the set of quantum states is equivalent to the set of measures 

on the spectral presheaf, just like in classical mechanics mixed states are given by probability measures 

on state space. Pure states are given by ‘minimal’ measures, but it must be noted that unlike their 

classical counterparts, these are not concentrated at points. A point of a presheaf, in the category 

theoretical sense is given by a global section, but the spectral presheaf has no global sections. The lack of 

global sections of the spectral presheaf is equivalent [10] to the Kochen-Specker theorem which asserts 

that it is not possible to simultaneously assign values to all observables on a quantum system. The 

important insight provided by this elegant reformulation was one of the sources of inspiration behind both 

the topos program as well as the later sheaf-theoretic approach to characterizing contextuality and non-

locality developed in Abramsky and Brandenburger’s paper [11]. 

 

1.4. From Boolean to Intuitionistic Logic and Back 
 

We have mentioned that topoi include but are more general than sets. Moreover, each topos comes 

equipped with its own logical calculus. In the so-called universe of sets and functions the laws of classical 

logic are represented by operations on sets, namely the algebraic structure called Boolean algebra, each 

topos has an analog natural structure called a Heyting algebra. And so the logical laws which partake in a 

topos are those of intuitionistic logic [12]. The most famous characteristic of intuitionistic logic is that the 

law of excluded middle does not necessarily hold. Hence the main difference between theorems proved 

using Heyting logic and those using Boolean logic is that proofs by contradiction are forbidden in the 

Heyting algebra. Doering and Isham show in [13] that this is not a serious restriction since intuitionistic 

logic turns out to be a viable alternative to classical logic for the purpose of building physical theories. In 

particular, the internal, multivalued topos logic allows us to assign (generalized) truth values to all 

propositions about a quantum system. As mentioned above, Kochen and Specker proved [14] that such 

assignments are impossible if one works with classical two-valued logic. However, one must carefully 

distinguish between the internal logic which is adequate to the system, and the meta-logic in which we 

argue about the system. Indeed we, as macroscopic entities, use a meta-logic/language, typically Boolean, 

to reason about the world, and to define mathematical structures. Although interesting work has been 



done by Heunen, Landsman, Spitters[15] and Wolters and Fauser, Raynaud and Vickers [16] using the 

internal topos logic, it is also possible to reason about a topos in an external fashion. As Doering argues in 

[17], in order to provide an objective report of some phenomena outside ourselves, we must separate 

ourselves from the system we are considering, hence in our description and mathematical arguments 

about a physical system we are free to use the metalogic. In technical terms, this is equivalent to working 

in an ambient topos which is the familiar topos of sets and functions. Although we suspect that more work 

can reveal a more general structure that supersedes the topos of sets. 

 

We have mentioned above that one of the basic ingredients of the topos approach is given by the poset of 

contexts. The contexts capture the physical idea of measurements which can be performed jointly. One 

can achieve an even higher level of generality by replacing the formalism of operator algebras with 

abstractly defined families of maximal sets of commuting observables. This is done by Samson Abramsky 

and Adam Brandenburger in [11] in order to study the key information theoretic resources of 

contextuality and non-locality. Their approach covers n-partite Bell-type scenarios as well as Kochen-

Specker configurations, and many other examples relevant to quantum information theory. 

 

1.5 One, two, three 
 

The first, and lowest, degree of contextuality described by Abramsky and Brandenburger - weak, 

or probabilistic contextuality - generalizes the original argument used in Bell’s theorem. Bell’s 

argument essentially relies on the probabilistic predictions of quantum mechanics, which are 

inconsistent with the predictions of any local realistic theory. Abramsky and Brandenburger 

show that the content of Bell’s argument can be summarized by an empirical model over the 

positive reals, that is by a probability table containing the empirical predictions for all allowed 

combinations of measurements. The information encoded by this empirical model can be used to 

derive a proof of Bell’s theorem, without recourse to inequalities, but based on the non-existence 

of a certain joint distribution, or global section. 

 

The second, intermediate degree of contextuality - logical, or possibilistic contextuality - generalizes an 

argument used by Hardy [18], who showed that an inequality-free proof of Bell’s theorem could be given 

for almost all 2-qubit systems. Hardy’s construction works for all bipartite entangled states, except for the 

maximally entangled states. The content of Hardy’s argument can again be summarized by an empirical 

model, this time over the Boolean ring, as Hardy’s argument essentially only relies on the possibility 

(probability greater than 0) and respectively impossibility (probability 0) of certain measurement 

outcomes, that is, it only relies on the support of the probability distributions. Abramsky and 

Brandenburger show that the possibilistic contextuality of the Hardy model is a stronger property than the 

probabilistic contextuality used in the Bell argument (i.e. the Bell model is not logically contextual, but 

any probabilistic model whose support coincides with the Hardy model must be both weakly and logically 

contextual). The third degree of contextuality - strong contextuality - generalizes an argument used by 

Greenberger, Horne, Zeilinger and Shimony [19], who used the non-classical properties of certain 

quantum states to give a strengthened inequality-free proof of Bell’s theorem. Their proof, which predates 

Hardy’s argument, needs – on the other hand – systems of at least three qubits, such as the entangled 

three-qubit GHZ state. The GHZ argument, like the Hardy one, only relies on the possibility or 

impossibility of certain measurement outcomes. Yet it is shown by Abramsky and Brandenburger that the 

three qubit GHZ model satisfies a stronger property than the logical contextuality of the Hardy model, 

which is logically but not strongly contextual. It is also interesting to note that strong contextuality can be 

exhibited in the usual n-qubit multipartite Bell-type scenarios only if we have a scenario with three or 

more parties. 

 

This line of work has been further developed by Abramsky and Hardy in [20] where they 



introduce a notion of logical Bell inequality, based on logical consistency conditions. Logical 

Bell inequalities can be used to obtain proofs of Bell’s theorem without probabilities, but also 

to derive testable inequalities with provable violations for a wide variety of situations. It can 

also be shown that measurement models achieve maximal violations of logical Bell inequalities if 

and only if they are strongly contextual. Non-maximal violations are achieved by measurement 

models which are possibilistically contextual - that is, they occupy the middle level of the 

hierarchy. 

 

 

2. Logical repercussions 
 
 
 
 

 

Figure 1 The Hardy paradox (left) and PR box (right) – picture taken from [21] 

 

While contextuality can exhibit itself at the level of probability distributions (see [11, 22]), here we 

consider a stronger form of contextuality which appears at the level of the supports of the distributions, 

giving us a direct connection with logic. Consider the tables in Fig. 2, which depict a scenario discovered 

by  Hardy [18]. The entries are either 0 or 1 where 1 corresponds to positive probability (so possibility) 

and 0 to zero probability (or impossibility) since the rows will correspond to the supports of an 

unspecified probability distribution. The claim is then that only from the 4 entries recorded in the table 

that refer to the supports only, not the distribution itself, we cannot derive a classical deduction for the 

observed 4 entries. Moreover, this behavior is recorded in quantum mechanics [18], yielding a stronger 

form of Bell’s theorem [23], due to Hardy [18]. At this point the table representing Hardy’s paradox must 

be taken on faith since we do not have space here to explain the exact reasoning behind the observations 

that led to it, we refer to [18] for a detailed description of it and as a further proof of concept, we also note 

that there are experimental findings that align to the sort of behavior exhibited by the Hardy paradox 

[28,29]. 

 

As we’ve discussed earlier, classically we can take the realist approach in which observables reflect 

properties of the physical system we are inquiring into and moreover, that these properties are 

independent of our measurements/inquiries. We can express this as saying that for any physical system, 

there is a function λ which for each measurement m, specifies an outcome λ(m), independently of other 

measurements that may be performed. Now we’ll look at the Hardy table depicted in Fig. 2 and try to 

apply this reasoning. Suppose there is a function λ which accounts for the possibility of Alice observing 



value 0 for a1 and Bob observing 0 for b1, as can be found in the entry on the top left position of the 

table. Say then that 

 

    λ(a1) = 0, λ(b1) = 0. (1) 

From the table we see  

    λ (a1=0 & b1 = 0) =1 (2)  

 

which is fine and retain a1=0, b1=0 under λ. 

 

We now look at b2. Since a1=0, if λ(b2) = 0, using (1) & (2) we get that  

 

   λ (a1 = 0 & b2 = 0) = 1  

 

which is forbidden. So the only other possible assignment is to consider λ(b2)=1 as we get 

 

   λ(a1= 0, b2 =1) which is fine. So, we retain b2=1 under λ 

 

Consider now λ(b2) =0.  

 

  If λ(a2) = 0 we get λ(a2=0 & b2 =1) which is fine and retain a2 = 0 under λ   

    

  If λ(a2) =1 and using above we get λ(a2=1 & b2=1) =1  

 

which is forbidden. So, the values we’ve found can be assigned as follows: 

  

   λ :: a1 →0, a2 →0, b1 →0, b2 →1 

 

But here we see the problem clearly as λ(a2=0,b1=0) = 1 but this is forbidden. And so, we conclude that 

the Hardy models are contextual in a logical sense since we only used possibility to infer this behavior. 

 
Logical contextuality as exhibited by the Hardy paradox can be expressed in the following form: there is a 

local assignment (in the Hardy case, the assignment a1→0, b1→0) which is in the support, but which 

cannot be extended to a global assignment which is compatible with the support. This says that the 

support cannot be covered by the projections of global assignments. A stronger form of contextuality is 

when no global assignments are consistent with the support at all. We see this is not the case for Hardy’s 

paradox. Examples of this stronger form of contextuality are consistently present in constructions from 

the quantum information. An important example is the Popescu–Rohrlich (PR) box [24] shown in Fig. 2. 

This is a behavior which satisfies the no-signaling principle [24], meaning that the probability of Alice 

observing a particular outcome for her choice of measurement (e.g. a1= 0), is independent of whether Bob 

chooses measurement b1 or b2; and vice versa. That is, Alice and Bob cannot signal to one another, 

enforcing compatibility with relativistic constraints. In fact, one can prove that there exists no bipartite 

quantum-realizable behavior of this kind which is strongly contextual [25]. However, as soon as we go to 

three or more parties, strong contextuality does arise from entangled quantum states. Quantum theory 

provides many instances of strong contextuality. Among the first to observe quantum strong contextuality 

was Mermin [26], who showed the GHZ state to be strongly contextual using a kind of argument he 

dubbed ‘all versus nothing’ which are extremely important for contextual semantics but shall not be 

discussed here[30]. 

 



 

3. Conclusion, Further work and acknowledgements 

 

In the concluding remarks we have to mention that the work for constructing this new kind of quantum 

logic is still very much in construction, we don’t know yet the full extent of its application outside the 

study of quantum phenomena, as well as its contest with classical logic. An interesting interplay would be 

something along the lines of [4] were one can search for suitable embeddings into classical logic to 

emphasize the difference between the two and maybe this will result in a better understanding of the 

foundations of quantum mechanics as well as the tried and true intuitionistic vs classical logic debate. We 

are indebted to Constantin Brincusi for stimulating discussions about the further need for inquiry to 

distinguish the need for this approach from classical logic as well as pointing to us Bacciagaluppi’s article 

which helped us to understand the state-of-the-art developments concerning the debate started by Putnam 

and how the contextual semantics approach fits into all of this. All the vague philosophical logic 

implications of this paper are also inspired by discussions we had with Constantin. 
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